Abstract. Given a Heegaard splitting of a 3-manifold, we use Lagrangian Floer homology to construct a relatively Z/8Z-graded abelian group, which we conjecture to be a 3-manifold invariant. Our motivation is to have a well-defined symplectic side of the Atiyah-Floer Conjecture, for arbitrary 3-manifolds. The symplectic manifold used in the construction is the extended moduli space of flat SU (2)-connections on the Heegaard surface. An open subset of this moduli space carries a symplectic form, and each of the two handlebodies in the decomposition gives rise to a Lagrangian inside the open set. In order to define their Floer homology, we compactify the open subset by symplectic cutting; the two-form on the resulting manifold has degeneracies, but we show that one can still develop a version of Floer homology in this setting.
Introduction
Floer's instanton homology [14] is an invariant of integral homology three-spheres Y that serves as target for the relative Donaldson invariants of four-manifolds with boundary; see [12] . It is defined from a complex whose generators are (suitably perturbed) irreducible flat connections in a trivial SU (2)-bundle over Y, and whose differentials arise from counting anti-self-dual SU (2)-connections on Y × R. There is also a version of instanton Floer homology using connections in U (2)-bundles with c 1 odd ( [16] , [9] ), an equivariant version ( [4] , [5] ), and several variants that use both irreducible and reducible flat connections [12] . More recently, Kronheimer and Mrowka [27] have developed instanton homology for sutured manifolds; a particular case of their theory leads to a version of instanton homology that can be defined for arbitrary closed three-manifolds.
In another remarkable paper [15] , Floer associated a homology theory to two Lagrangian submanifolds of a symplectic manifold, under suitable assumptions. This homology is defined from a complex whose generators are intersection points between the two Lagrangians, and whose differentials count pseudo-holomorphic strips. The Atiyah-Floer Conjecture [2] states that Floer's two constructions are related: for any decomposition of the homology sphere Y into two handlebodies glued along a Riemann surface Σ, instanton Floer homology should be the same as the Lagrangian Floer homology of the SU (2)-character varieties of the two handlebodies, viewed as subspaces of the character variety of Σ.
As stated, an obvious problem with the Atiyah-Floer Conjecture is that the symplectic side is ill-defined: due to the presence of reducible connections, the SU (2)-character variety of Σ is not smooth. Nevertheless, some partial results in the direction of the conjecture were obtained by Salamon and Wehrheim, who studied instantons with Lagrangian boundary conditions; see [45] , [52] , [46] . Another approach is to avoid reducibles altogether by using nontrivial U (2)-bundles instead. This road was taken by Dostoglou and Salamon [13] , who proved a variant of the conjecture for mapping tori.
The goal of this paper is to propose another candidate that could sit on the symplectic side of the (suitably modified) Atiyah-Floer Conjecture.
Here is a short sketch of the construction. Let Σ be a Riemann surface of genus h ≥ 1, and z ∈ Σ a base point. The moduli space M (Σ) of flat connections in a trivial SU (2)-bundle over Σ can be identified with the character variety {ρ : π 1 (Σ) → SU (2)}/P SU (2). The moduli space CM was partially supported by the NSF grant DMS-0852439 and a Clay Research Fellowship. CW was partially supported by the NSF grant DMS-060509.
M (Σ) is typically singular. However, Jeffrey [24] and, independently, Huebschmann [21] , showed that M (Σ) is the symplectic quotient of a different space, called the extended moduli space, by a Hamiltonian P SU (2)-action. The extended moduli space is naturally associated not to Σ, but to Σ ′ , a surface with boundary obtained from Σ by deleting a small disk around z. The extended moduli space has an open smooth stratum, which Jeffrey and Huebschmann equip with a natural closed two-form. This form is nondegenerate on a certain open set N (Σ ′ ), which we take as our ambient symplectic manifold. In fact, N (Σ ′ ) can also be viewed as an open subset of the Cartesian product SU (2) 2h ∼ = {ρ : π 1 (Σ ′ ) → SU (2)}. More precisely, if we pick 2h generators for the free group π 1 (Σ ′ ), we can describe this subset as
Consider a Heegaard decomposition of a three-manifold Y as Y = H 0 ∪ H 1 , where the handlebodies H 0 and H 1 are glued along their common boundary Σ. There are smooth Lagrangians
In order to take the Lagrangian Floer homology of L 0 and L 1 , care must be taken with holomorphic strips going out to infinity; indeed, the symplectic manifold N (Σ ′ ) is not weakly convex at infinity. Our remedy is to compactify N (Σ ′ ) by (non-abelian) symplectic cutting. The resulting manifold N c (Σ ′ ) is the union of N (Σ ′ ) and a codimension two submanifold R. A new problem shows up here, because the natural two-form ω 0 on N c (Σ ′ ) has degeneracies on R. Nevertheless, (N c (Σ ′ ), ω 0 ) is monotone, in a suitable sense. One can deform ω 0 into a symplectic form ω ǫ , at the expense of losing monotonicity. We are thus led to develop a version of Lagrangian Floer theory on N c (Σ ′ ) by making use of the interplay between the forms ω 0 and ω ǫ . Our Floer complex uses only holomorphic disks lying in the open part N (Σ ′ ) of N c (Σ ′ ). We show that, while holomorphic strips with boundary on L 0 and L 1 can go to infinity in N (Σ ′ ), they do so only in high codimension, without affecting the Floer differential. The resulting Floer homology group is denoted
and admits a relative Z/8Z-grading. We call this group the symplectic instanton homology associated to the Heegaard splitting (Σ; H 0 , H 1 ). Strictly speaking, the Floer groups also depend on the base point z: as z varies over the Heegaard surface, the corresponding groups form a local system. However, we drop z from notation for simplicity. We conjecture that HSI(Σ; H 0 , H 1 ) is an invariant of the three-manifold Y. In order to prove this, we would need to show that the groups are invariant under stabilization of the Heegaard splitting. One could hope to attack this by using the theory of Lagrangian correspondences and pseudo-holomorphic quilts developed in [54] . Unfortunately, the structure of bubbles for pseudoholomorphic quilts is not yet fully understood; in particular, a removal of singularity theorem is lacking. This makes it difficult to extend the theory to a setting like ours, where we have a non-monotone symplectic form, or a monotone closed form with degeneracies.
Let us explain how we expect HSI(Σ; H 0 , H 1 ) to be related to the traditional instanton theory on 3-manifolds. We restrict our attention to the original set-up for Floer's instanton theory I(Y ) from [14] , when Y is an integral homology sphere. It is then decidedly not the case that HSI coincides with Floer's theory; for example, for the genus one Heegaard splitting of S 3 we have HSI ∼ = Z, but I(S 3 ) = 0. Nevertheless, in [12, Section 7.3.3] , Donaldson introduced a different version of instanton homology, a Z/8Z-graded vector field over Q denoted HF , which satisfies HF (S 3 ) ∼ = Q. (Floer's theory I is denoted HF in [12] .) We state the following variant of the Atiyah-Floer Conjecture: Definition 2.1. Let (M, ω) be a symplectic manifold. M is called monotone if there exists κ > 0 such that
[ω] = κ · c 1 (T M ). In that case, κ is called the monotonicity constant. From now on we will assume that M is monotone and that we are given two closed, simply connected Lagrangians L 0 , L 1 ⊂ M. These conditions imply that L 0 and L 1 are monotone with
We assume that N M > 1, and denote N = 2N M ≥ 4. We also assume that w 2 (L 0 ) = w 2 (L 1 ) = 0. After a small Hamiltonian perturbation we can arrange so that the intersection L 0 ∩ L 1 is transverse. The Floer chain complex is then defined to be the abelian group
where O x is the orientation group of x. This is the abelian group (noncanonically isomorphic to Z) which is generated by the two possible orientations of x, with the relation that their sum is zero. Our assumptions allow one to define a relative Maslov index ∆gr(x, y) ∈ Z/N Z for every x, y ∈ L 0 ∩ L 1 . The relative index satisfies ∆gr(x, y) + ∆gr(y, z) = ∆gr(x, z) and induces a relative Z/N Z-grading on the chain complex.
The Lagrangian Floer homology groups HF * (L 0 , L 1 ) are the homology groups of CF * (L 0 , L 1 ) with respect to the differential ∂ defined on generators by ∂x = y n xy y.
Here n xy ∈ Z is the signed count of pseudo-holomorphic strips (Floer trajectories) from x to y, i.e. isolated solutions (modulo translation in s) to Floer's equation
The monotonicity condition and the assumption N ≥ 4 give control over the bubbling of disks and spheres, so that the moduli spaces of solutions to (1) have well-behaved compactifications; when their expected dimension (mod translation) is at most one, these compactifications only include broken strips with no bubbles. This implies that ∂ is finite and ∂ 2 = 0. The condition that the Lagrangians have vanishing w 2 is used in defining orientations on the moduli spaces, so that n xy is integer valued. (More generally, one could define orientations provided that the pair of Lagrangians is relatively spin in the sense of [17] ; in our case, we choose the relative spin structure to be zero.)
An important property of the Floer homology groups HF * (L 0 , L 1 ) is that they are independent of the choice of path of almost complex structures, and invariant under Hamiltonian isotopies of either L 0 and 
The exact sequence in homology for the pair (M, M \ L) reads
the compatibility condition between L and R means that R produces a well-defined class in H 2n−2 (M \ L). In particular, there is a well-defined algebaric intersection number between R and surfaces with boundary on L.
Further, assume that we have two simply connected Lagrangians L 0 , L 1 compatible with R. Then each pseudo-holomorphic strip u :
has a well-defined intersection number u · R, defined as a signed count of intersection points of generic perturbations. Since the tangent spaces to the image of u and R are symplectic, and this property holds under generic perturbations of R, it follows that u · R is nonnegative.
The intersection numbers u · R depend only on the relative homology class of u, and are additive under concatenation of trajectories:
Assume now that M, L 0 and L 1 satisfy the assumptions from the previous subsection, so that the Floer homology HF (L 0 , L 1 ) is well-defined. We can then also define a restricted differential ∂ 0 on CF (L 0 , L 1 ):
where n R xy counts only those Floer trajectories u from x to y such that u · R = 0. The fact that the intersection numbers are additive and nonnegative shows that Let us assume for simplicity that L 0 ∩R = L 1 ∩R = ∅. Let u be a Floer trajectory with u·R = 0. If u intersects R transversely, the fact that all the intersection points contribute positively means that, in fact, u(R × [0, 1]) ∩ R = ∅. However, if the intersection is not transverse, it might be nonempty; this phenomenon does happen in high-dimensional families of trajectories. The following lemma shows that it does not happen in zero-dimensional families:
and that the intersection L 0 ∩ L 1 is transverse. Then, for a generic choice of a one-parameter family (J t ) t∈[0,1] of almost complex structures compatible with ω, every isolated pseudo-holomorphic strip u satisfying (1) and u · R = 0 is disjoint from R.
Fix also a homotopy class A of strips R × [0, 1] → M with boundary conditions on L 0 , L 1 and limits x, y at ±∞; we assume that the Maslov index of A is one, i.e. the expected dimension of the space of Floer trajectories in the class A (modulo translation) is zero.
We denote by M(M, L 0 , L 1 , A) the universal moduli space of data (J t , u) consisting of a timedependent compatible almost complex structure (J t ) t∈ [0, 1] (in a suitable completion of the space J τ (M, ω)) and a J t -holomorphic strip u in the class A. Then M(M, L 0 , L 1 , A) is a Banach manifold, cf. [15] , [36] .
We denote by p the natural projection from
There is a natural evaluation map
A standard argument (as in [30, Section 3.4] , but with strips instead of closed curves), shows that the evaluation map is transverse to R. Hence ev −1 (R) is a Banach manifold. By Sard-Smale, the set of regular values of the restriction of p to ev −1 (R) is Baire second category. For any regular value (J t ), the restriction of ev to (
is zero-dimensional (after dividing out by translation), every J t -holomorphic strip u in the class A is transverse to R. Since u·R = 0, by the principle of positivity of intersections we get that u is disjoint from R.
The set of all possible x, y and A is countable, so the conclusion follows.
Lemma 2.5 shows that (under the given assumptions) ∂ 0 counts only trajectories disjoint from R. Therefore, we can think of HF (L 0 , L 1 ; R) as the Floer homology of L 0 and L 1 inside M \ R. 
(ix) The minimal Chern number N M \R (with respect to either ω 0 or ω ǫ ) is at least 2, so that N = 2N M \R ≥ 4; (x) There exists an almost complex structureJ on M that is compatible with respect to ω ǫ on M , and compatible with respect to ω 0 on M \ R. We fix such aJ, which we call the base almost complex structure.
Let us remark that, becauseJ is compatible with respect to ω 0 on M \ R, by continuity it follows thatJ is semipositive with respect to ω 0 on all of M , i.e., ω 0 (v,Jv) ≥ 0 for any m ∈ M and v ∈ T m M .
Our goal is to define a relatively Z/N Z-graded Floer homology group HF (L 0 , L 1 ,J; R) using Floer trajectories away from R and a path of almost complex structures that are small perturbations ofJ. The construction is similar to the one in Section 2.2, but a priori it depends onJ. (We should note that defining a group HF (L 0 , L 1 ,J) by using Floer trajectories that can intersect R nontrivially seems much more difficult in this situation.) Definition 2.6. Let K > 0.
(a) We say that J ∈ J (M, ω ǫ ) is K-spherically semipositive if every J-holomorphic sphere of energy E(u) = u * ω ǫ < K has non-negative Chern number
of energy E(u) = u * ω ǫ < K has non-negative Maslov index I(u); and, further, if I(u) = 0 then u is constant.
Given a continuous map
Proof. Since L i is simply connected, we can find a disk v contained in L i with boundary equal to that of u, but with reversed orientation. Let u#v : S 2 → M the map formed by gluing. By additivity of Maslov index
since both the index and the area of v are trivial.
We define a strip with decay near the ends to be a continuous map 
for some constant C depending only on the endpoints of u.
Proof (sketch). Pick u 0 a reference strip with the same endpoints as u. Using the fact that π 1 (L 0 ) = 1, we can find a map v : D 2 → L 0 such that half of its boundary is taken to the image of u 0 (R×{0}) and the other half to the image of u(R × {0}). By adjoining v to u and u 0 (the latter taken with reversed orientation), we obtain a disk (−u 0 )#v#u with boundary in L 1 . Applying Lemma 2.7 to this disk, and using the additivity of the index and canonical area under gluing, we obtain
We then take C = I(u 0 ) − A can (u 0 ).
Proof. Nonnegativity of I follows from the fact that ω 0 (v,Jv) ≥ 0 for any v ∈ T m M, m ∈ M, together with the monotonicity of ω 0 (for spheres) and Lemma 2.7 for disks. If aJ-holomorphic disk u has I(u) = 0, its canonical area must be zero. SinceJ is compatible with respect to ω 0 on M \ R, the disk should be contained in R. However, this is impossible, because the disk has boundary on a Lagrangian L i with L i ∩ R = ∅. (By contrast, in principle we can have I(u) = 0 for non-constantJ-holomorphic spheres contained in R.)
In [30, Lemma 6.4.7] it is shown that the set of K-spherically semipositive almost complex structures is open in the space J (M, ω ǫ ) of all almost complex structures compatible with ω ǫ . The proof there can be adapted to prove the following: Proof. Assume the statement about the disks having nonnegative index is false. Then there exists a sequence J ν →J of almost complex structures and a sequence u ν of J ν -holomorphic disks with boundary in L i satisfying E(u ν ) < K and I(u ν ) < 0. The limit of such a sequence is aJ-holomorphic stable configuration (disk with some bubbles) with boundary in L i and having negative index. By additivity of the index, at least one of the component disks or spheres must have negative index. The energy of that component has to be less than K, which contradicts the K-semipositivity ofJ. The same proof works to show that c 1 (T M )[u] ≥ 0 for J-holomorphic spheres of energy less than K.
We also need to check the statement about disks of index zero being constant. Assume otherwise. Then we have a sequence J ν →J and J ν -holomorphic nonconstant disks u ν with E(u ν ) < K, I(u ν ) = 0. The limit must be aJ-holomorphic stable configuration of index zero, hence constant. Thus, for ν ≫ 0, the disks u ν are contained in the open set W where ω 0 = ω ǫ . Therefore, E(u ν ) = κA can (u ν ) = κI(u ν ) = 0. Since J ν is compatible with respect to ω ǫ , it follows that u ν must be constant, a contradiction.
Suppose further that L 0 and L 1 intersect transversely. Then there exists a constant K > 0 such that, for any (J t ) ∈ J τ (M, ω ǫ ), and for any J t -holomorphic strip u of Maslov index 1 satisfying (1) and whose image lies in M \ R, we have the energy bound E(u) < K.
Proof. On the complement of R we have
where γ i is a path in the Lagrangian L i joining the endpoints of u. Since da = 0 on L i , Stokes' Theorem implies that γ u * a is independent of γ; it just depends on the endpoints. Therefore, E(u) − κA can (u) only depends on the endpoints of u. Together with Lemma 2.8 this gives an energy index relation as follows: for any
where C ′ is a constant depending on the endpoints of u. Since there is a finite number of possibilities for these endpoints, the conclusion follows.
1, and that L 0 and L 1 intersect transversely. Then, for a generic path of almost complex structures
picked from a neighborhood ofJ, the relative Floer differential counting trajectories disjoint from R is finite and satisfies ∂ 2 0 = 0. The resulting (relatively Z/N Z-graded) Floer homology groups HF * (L 0 , L 1 ,J; R) are independent of the choice of path (J t ), and are preserved under isotopies of either Lagrangian, as long as Assumption 2.1 and the transversality are still satisfied.
Proof. Let K be the constant from Lemma 2.11. If (J t ) t∈[0,1] is a generic time-dependent perturbation ofJ, by Proposition 2.10 we can assume that all J t 's are K-hemispherically semipositive.
We seek to define the Floer differential ∂ 0 by counting J t -holomorphic strips u of index 1, with u · R = 0. To show that ∂ 0 is finite, we need to show that the moduli spaces of such strips are compact. Further, to show that ∂ 2 0 = 0, we need to show that the moduli spaces of J t -holomorphic strips u of Maslov index 2 with u · R = 0 have well-defined compactifications by broken trajectories only (without disk or sphere bubbling).
The first step in applying Gromov compactness is to have an energy bound on the strips. In the Maslov index 1 case, this follows from the fact that R is symplectic with respect to ω ǫ . Indeed, for generic J t , holomorphic strips u of Maslov index 1 with u · R = 0 are actually disjoint from R; compare the proof of Lemma 2.5. Hence, we have the energy bound from Lemma (2.11). In the Maslov index 2 case, i.e. for the study of ∂ 2 0 , we only need an energy bound on strips in fixed homotopy classes. Since the energy is a homotopy invariant, this bound is automatic.
Next, we need to rule out sphere bubbles and disk bubbles in the boundary of our moduli spaces of strips. Assume that we have a sequence (u ν ) of pseudo-holomorphic strips of index 1 or 2 that Gromov converges to a configuration consisting of a strip and at least one disk or sphere bubble. Note that E(u ν ) < K for all ν; the same must be true for the limiting configuration. Since J tholomorphic curves have nonnegative energy, and the energy is additive, we get that every disk or sphere appearing in the limiting configuration has energy less than K. Since the J t 's are Khemispherically semipositive, their indices are nonnegative. Further, since we started with index at most 2, and sphere and disk bubbles cannot have index 1, it follows that they all have index zero, except possibly one component of index 2. By the definition of K-hemispherical semipositivity, the index zero disk components are constant. The minimal Maslov index for disks with trivial intersection with R is N = 2N M \R ; compare Remark 2.4. Since N > 2, we conclude that there are no disk components at all.
Thus, the limiting configuration is a tree composed of one strip of index µ ≤ 2, and several sphere bubbles, all of index zero or two. Pick a sphere bubble B, one of those directly attached to the strip. (B may be multiply covered.) Consider the configuration made of the strip plus the simple sphere B ′ associated to B.
] is between 0 and 1, and if d = 1, then µ = 0. If J t is a generic time-dependent perturbation, the moduli space of Floer trajectories with attached simple sphere bubbles has expected dimension µ + 2d, i.e. we can achieve transversality. (Here one needs to check that the evaluation map is transverse to the diagonal; the proof is similar to that of [30, Theorem 6.7.11 (ii) ].) However, B ′ is attached to the trajectory at a point, so it has a four-dimensional automorphism group: the group of conformal transformations of C, which consists of affine linear maps of the form z → az + b. This contradicts the fact that µ + 2d < 4.
The statement about the invariance of HF (L 0 , L 1 ,J; R) follows from the usual continuation arguments in Floer theory.
and L 1 do not intersect transversely: one can simply isotope one of the Lagrangians to achieve transversality, and take the resulting Floer homology.
Remark 2.14. A smooth variation of the base almost complex structureJ induces an isomorphism between the respective Floer homologies HF (L 0 , L 1 ,J; R). However, if we are only given ω 0 and ω ǫ , it is not clear whether the space of possibleJ's is contractible. This justifies keepingJ in the notation HF (L 0 , L 1 ,J; R).
Moduli spaces of flat bundles
3.1. Notation. Throughout the rest of the paper G will denote the Lie group SU (2), and G ad = P SU (2) = SO(3) the corresponding group of adjoint type. We identify the Lie algebra g = su (2) with its dual g * by using the basic invariant bilinear form
The maximal torus T ∼ = S 1 ⊂ G consists of the diagonal matrices diag(e 2πti , e −2πti ), t ∈ R. We let T ad = T /(Z/2Z) ⊂ G ad and identify the Lie algebra t =Lie(T ) with R by sending diag(i, −i) to 1. Under this identification, the restriction of the inner product ·, · to t is twice the Euclidean metric. We use this inner product to identify t with t * as well. Finally, we let t ⊥ denote the orthogonal complement of t in g.
Adjoint orbits in g are parametrized by the positive Weyl chamber t + = [0, ∞). Indeed, the adjoint quotient map
takes θ ∈ g to t such that θ is conjugate to diag(ti, −ti). On the other hand, conjugacy classes in G are parametrized by the fundamental alcove A = [0, 1/2]. Indeed, for any g ∈ G, there is a unique t ∈ [0, 1/2] such that g is conjugate to the diagonal matrix diag(e 2πti , e −2πti ).
3.2.
The extended moduli space. We review here the construction of the extended moduli space ( [24] , [21] ), mostly following Jeffrey's gauge-theoretic approach from [24] .
Let Σ be a Riemann surface of genus h ≥ 1. Fix some z ∈ Σ and let Σ ′ denote the complement in Σ of a small disk around z, so that S = ∂Σ ′ is a circle. Identify a neighborhood of S in Σ ′ with [0, ε) × S, and let s ∈ R/2πZ be the coordinate on the circle S.
Consider the space A (Σ ′ ) ∼ = Ω 1 (Σ ′ ) ⊗ g of smooth connections on the trivial G-bundle over Σ ′ , and set
The space A g (Σ ′ ) is acted on by the gauge group
The extended moduli space is then defined as
A more explicit description of the extended moduli space is obtained by fixing a collection of simple closed curves α i , β i (i = 1, . . . , h) on Σ ′ , based at a point in S, such that π 1 (Σ ′ ) is generated by their equivalence classes and the class of a curve γ around S, with the relation:
To each connection on Σ ′ one can then associate the holonomies A i , B i ∈ G around the loops α i and β i , respectively, i = 1, . . . , h. This allows us to view the extended moduli space as
There is a proper map Φ : 
Observe that this action factors through G ad . The map Φ is equivariant with respect to this action on its domain, and the adjoint action on its target. Set
Now consider the subspace . We copy the proof here, and explain how the same arguments can be used to deduce part (b) as well.
Consider the commutator map c :
Define the maps
and
On the extended moduli space
When c(ρ) = exp(2πθ) = I, we have that (dc) ρ is surjective, hence so is (df 1 ) (ρ,θ) . Also, when θ = 0, (d exp) −2πθ is just the identity, so again (df 1 ) (ρ,θ) is surjective. Claim (a) follows.
Next, observe that
where l(λ) does not depend on α. Hence, when c(ρ) = exp(2πθ) = I, the differential (df 2 ) (ρ,θ) is surjective. This implies that any θ ∈ g with Q(θ) ∈ Z is a regular value for Φ| M Consider also the subspace
Note that the restriction of the exponential map θ → exp(2πθ) to Q −1 [0, 1/2) is a diffeomorphism onto its image G \ {−I}. Therefore, using the identification (3), we can describe N (Σ ′ ) as
3.3. Hamiltonian actions. Let K be a compact, connected Lie group with Lie algebra k. We let K act on the dual Lie algebra k * by the coadjoint action.
A pre-symplectic manifold is a smooth manifold M together with a closed form ω ∈ Ω 2 (M ), possibly degenerate. A Hamiltonian pre-symplectic K-manifold (M, ω, Φ) is a pre-symplectic manifold (M, ω) together with a smooth K-action and a K-equivariant smooth map Φ : M → k * , such that for any ξ ∈ g, if X ξ denotes the vector field on M generated by the one-parameter subgroup
Under these hypotheses, the K-action on M is called Hamiltonian, and Φ is called the moment
is named the pre-symplectic quotient of M by K. The following result is known as the Reduction Theorem ( [29] , [33] , [18, Theorem 5.1]):
Suppose that the level set Φ −1 (0) is a smooth manifold on which K acts freely. Let i : Φ −1 (0) ֒→ M be the inclusion and π : Φ −1 (0) → M/ /K the projection. Then there exists a unique closed form ω red on the smooth manifold M/ /K with the property that i * ω = π * ω red . The reduced form ω red is non-degenerate on M/ /K if and only if ω is nondegenerate on M at the points of Φ −1 (0). Furthermore, if M admits another Hamiltonian K ′ -action (for some compact Lie group K ′ ) that commutes with the K-action, then (M/ /K, ω red ) has an induced Hamiltonian K ′ -action.
When the form ω is symplectic, (M, ω, Φ) is simply called a Hamiltonian K-manifold. In this case we can drop the condition that Φ −1 (0) is smooth from the hypotheses of Theorem 3.2; indeed, this condition is automatically implied by the assumption that K acts freely on Φ −1 (0).
3.4.
A closed two-form on the extended moduli space. According to [24, Equation (2.7)], the tangent space to the smooth stratum
where Ω p c (Σ ′ ) denotes the space of p-forms compactly supported in the interior of Σ ′ , and Ω 1,g (Σ ′ ) denotes the space of 1-forms A such that A = θds near S = ∂Σ ′ for some θ ∈ g.
Define a bilinear form ω on Ω 1,g (Σ ′ ) by
where the operation (a, b) → a, b on g-valued forms combines the usual exterior product with the inner product on g. Stokes' Theorem implies that ω descends to a bilinear form on the tangent space to M g s (Σ ′ ) described in Equation (6) above. Thus we can think of ω as a two-form on M g s (Σ ′ ).
is Hamiltonian with respect to ω. Its moment map is the restriction of Φ to M g s (Σ ′ ).
For the proof, we refer to Jeffrey [24] ; see also [31] . By abuse of notation, we henceforth denote the restrictions of Φ still by Φ. Theorem 3.3 says that (M g s (Σ ′ ), ω, Φ) is a Hamiltonian pre-symplectic G ad -manifold in the sense of Section 3.3, and that its subset (N (Σ ′ ), ω, Φ) is a (symplectic) Hamiltonian G ad -manifold. The symplectic quotient
is the usual moduli space of flat G-connections on Σ, with the symplectic form (on its smooth stratum) being the one constructed by Atiyah and Bott [3] . If Σ is given a complex structure, M (Σ) can also be viewed as the moduli space of semistable bundles of rank two on Σ with trivial determinant, cf. [35] .
For an alternate (group-theoretic) description of the form ω on N (Σ ′ ), see [25] , [21] , or [22] . Let us mention two results about the two-form ω. The first is proved in [32] :
is a monotone symplectic manifold, with monotonicity constant 1/4.
The second result is:
Proof. The extended moduli space M g (Σ ′ ) embeds in the moduli space M (Σ ′ ) of all flat connections on Σ ′ . The latter is an infinite dimensional Banach manifold with a natural symplectic form that restricts to ω on M g s (Σ ′ ). Moreover, Donaldson [11] showed that M (Σ ′ ) has the structure of a Hamiltonian LG-manifold, where LG = Map(S 1 , G) is the loop group of G.
Recall that a pre-quantum line bundle E for a symplectic manifold (M, ω) is a Hermitian line bundle equipped with an invariant connection ∇ whose curvature is −2πi times the symplectic form. If M is finite dimensional, this implies that [ω] = c 1 (E) ∈ H 2 (M ; Z). In our situation, a pre-quantum line bundle on M = N (Σ ′ ) can be obtained by restricting the well-known LGequivariant pre-quantum line bundle on the infinite-dimensional symplectic manifold M (Σ ′ ). We refer the reader to [34] , [43] and [55] for the construction of the latter; see also [31] . The first auxiliary space that we consider is the toroidal extended moduli space:
It has a smooth stratum
The restrictions of ω and Φ to M t s (Σ ′ ) turn it into a Hamiltonian pre-symplectic T ad -manifold. On the open subset M t (Σ ′ ) ∩Φ −1 (0, 1/2), the two-form is nondegenerate.
The second space is the twisted extended moduli space from [24, Section 5.3] . In terms of coordinates, it is
This space admits a G ad -action just like M g (Σ ′ ), and a natural projection Φ tw :
Furthermore, M g tw,s (Σ ′ ) admits a natural two-form ω tw , which turns it into a Hamiltonian presymplectic G ad -manifold, with moment map Φ tw . The restriction of ω tw to the subspace
Observe that the subspace Φ −1
. This map is a diffeomorphism of the smooth strata, and is compatible with the restrictions of the pre-symplectic forms ω and ω tw .
3.6. The structure of degeneracies of M g s (Σ ′ ). Recall from Theorem 3.3 that the degeneracy locus of the pre-symplectic manifold M g s (Σ ′ ) is contained in the preimageΦ −1 (1/2). We seek to understand the structure of the degeneracies.
Let µ = diag(i/2, −i/2). Note that the stabilizer G ad of exp(2πµ) = −I is bigger than the stabilizer T ad = S 1 of µ. Thus, we have an obvious diffeomorphism
where O µ denotes the coadjoint orbit of µ. The first factor O µ is diffeomorphic to the flag variety G ad /T ad ∼ = P 1 . The second factor Φ −1 (µ) is smooth by Proposition 3.1 (b).
There is a residual T ad -action on the space Φ −1 (µ). Thus Φ −1 (µ) is an S 1 -bundle over
This last space M −I (Σ ′ ) can be identified with the moduli space M tw (Σ) of projectively flat connections on E with fixed central curvature, where E is a U (2)-bundle of odd degree over the closed surface Σ = Σ ′ ∪ D 2 . Alternatively, it is the moduli space of rank two stable bundles on Σ having fixed determinant of odd degree, cf. [35] , [3] . It can also be viewed as the symplectic quotient of the twisted extended moduli space from Section 3.5:
We have described a string of fibrations that gives a clue to the structure of the spaceΦ −1 (1/2). Let us now reshuffle these fibrations and viewΦ −1 (1/2) as a G ad -bundle over the space O µ × M −I (Σ ′ ). Its fiberwise tangent space (at any point) is g, which can be decomposed as t ⊕ t ⊥ , with t ⊥ ∼ = C.
The null space of the form ω at x consists of the fiber directions corresponding to t ⊥ ⊂ g.
Proof.
Our strategy for proving Proposition 3.7 is to reduce it to a similar statement for the toroidal extended moduli space M t (Σ ′ ), and then study the latter via its embedding into the twisted extended moduli space M g tw (Σ ′ ). First, note that by G ad -invariance, we can assume without loss of generality that Φ(x) = µ. The symplectic cross-section theorem [19] says that, near Φ −1 (µ), the two-form on M g (Σ ′ ) is obtained from the one on M t (Σ ′ ) = Φ −1 (t) by a procedure called symplectic induction. (Strictly speaking, symplectic induction is described in [19] for nondegenerate forms; however, it applies to the Hamiltonian pre-symplectic case as well.) More concretely, we have a (noncanonical) decomposition
, such that ω| x is the direct sum of its restriction to the first summand in (7) with the natural pairing between the other two summands.
Recall that we are viewingΦ
, which is the part of the G ad -bundle that lies over {µ} × M −I (Σ ′ ). The decomposition (7) implies that, in order to prove the final claim about the null space of ω| x , it suffices to show that the null space of ω| M t (Σ ′ ) at x consists of the fiber directions corresponding to t ⊥ ⊂ g.
Let us use the observation in the last paragraph of Section 3. 
is smooth, and the reduced two-form on it is nondegenerate. Further, there is a (noncanonical) decomposition:
where
is the quotient map. (See for example Equation (5.6) in [18] .) The two-form ω tw at x is the direct summand of the reduced form at π(x) and the natural pairing of the two last factors in (8) .
With respect to the decomposition (8), the subspace
Therefore, the null space of ω tw on T x M t (Σ ′ ) is the null space of the restriction of the natural pairing on g ⊕ g * to g ⊕ t * . This is g/t ∼ = t ⊥ , as claimed.
Symplectic cutting
4.1. Abelian symplectic cutting. We review here Lerman's definition of (abelian) symplectic cutting, following [28] .
Consider a symplectic manifold (M, ω) with a Hamiltonian S 1 -action and moment map Φ : M → R. Pick some λ ∈ R. The diagonal S 1 -action on the space M × C − (endowed with the standard product symplectic structure, where C − is C with negative the usual area form) is Hamiltonian with respect to the moment map
The symplectic quotient
is called the symplectic cut of M at λ. If the action of S 1 on Φ −1 (λ) is free, then M ≤λ is a symplectic manifold, and it contains Φ −1 (λ)/S 1 (with its reduced form) as a symplectic hypersurface, i.e. a symplectic submanifold of real codimension two. 4.2. Non-abelian symplectic cutting. An analog of symplectic cutting for non-abelian Hamiltonian actions was defined in [56] . We explain here the case of Hamiltonian P SU (2)-actions, since this is all we need for our purposes. We keep the notation from Section 3.1, with G = SU (2) and G ad = P SU (2). Let (M, ω, Φ) be a Hamiltonian G ad -manifold. Since g and g * are identified using the bilinear form, from now on we will view the moment map Φ as taking values in g. Recall that
denotes the adjoint quotient map. The map Q is continuous, and is smooth outside Q −1 (0). Set
On the complement U of Φ −1 (0) in M, the mapΦ induces a Hamiltonian S 1 -action. Explicitly, u ∈ S 1 = R/2πZ acts on m ∈ U by
This action is well-defined because exp(πH) = I in G ad . We can describe the action alternatively as follows: on Φ −1 (t) ⊂ M, it coincides with the action of T ad ⊂ G ad ; then it is extended to all of M in a G ad -equivariant manner.
Fix λ > 0. Using the local version (from Remark 4.2) of abelian symplectic cutting for the action (9), we define the non-abelian symplectic cut of M at λ to be
If S 1 acts freely onΦ −1 (λ), then M ≤λ is a smooth manifold. It can be naturally equipped with a symplectic form ω ≤λ , coming from the symplectic form ω on M. In fact, M ≤λ is a Hamiltonian G ad -manifold, cf. Remark 4.3. With respect to the form ω ≤λ , R is a symplectic hypersurface in M ≤λ .
4.3.
Monotonicity. Let G ad = P SU (2) as before. We aim to find a condition that guarantees that a non-abelian symplectic cut is monotone. As a toy model for future results, we start with a simple fact about symplectic reduction:
Lemma 4.4. Let (M, ω, Φ) be a Hamiltonian G ad -manifold that is monotone, with monotonicity constant κ. Assume that the moment map Φ is proper, and the G ad -action on Φ −1 (0) is free. Then, the symplectic quotient M/ /G ad = Φ −1 (0)/G ad (with the reduced symplectic form ω red ) is also monotone, with the same monotonicity constant κ.
Proof. Consider the Kirwan map from [26] :
which is obtained by composing the map H 2 G ad (M ; R) → H 2 G ad (Φ −1 (0); R) (induced by the inclusion) with the Cartan isomorphism H 2 G ad (Φ −1 (0); R) ∼ = H 2 (M/ /G ad ; R). The Kirwan map takes the first equivariant Chern class c G ad 1 (T M ) to c 1 (T (M/ /G ad )), and the equivariant two-formω = ω − Φ to ω red .
Note that H i (BG ad ; R) = 0 for i = 1, 2, hence H 2 G ad (M ; R) ∼ = H 2 (M ; R). Under this isomorphism, c G ad 1 corresponds to c 1 and [ω] to [ω], so the conclusion follows.
For λ ∈ (0, ∞), let O λ ∼ = P 1 be the coadjoint orbit of diag(iλ, −iλ), endowed with the KostantKirillov-Souriau form ω KKS (λ). It has a Hamiltonian G ad -action with moment map the inclusion
The reduction of M with respect to O λ is defined as
If the G ad -action on Φ −1 (O λ ) is free, the quotient M λ is smooth and admits a natural symplectic form ω λ . It can be viewed as Φ −1 (diag(iλ, −iλ))/T ad . We let E λ denote the complex line bundle on M λ associated to the respective T ad -fibration.
Lemma 4.5. Let (M, ω, Φ) be a Hamiltonian G ad -manifold such that the moment map Φ is proper, and the action of G ad is free outside Φ −1 (0). Assume that M is monotone, with monotonicity constant κ. Then the cohomology class of the reduced form ω λ is given by the formula
Proof. Let us consider the Kirwan map for the manifold M × O λ − , whose symplectic reduction is M λ . Since H 2 = H 2 G ad for all Hamiltonian G ad -manifolds, we can view the Kirwan map as going from [
as desired.
We are now ready to study monotonicity for non-abelian cuts:
Proposition 4.6. Let G ad = P SU (2), and (M, ω, Φ) be a Hamiltonian G ad -manifold that is monotone with monotonicity constant κ > 0. Assume that the moment map Φ is proper, and that G ad acts freely outside Φ −1 (0). Then the symplectic cut M ≤λ at the value λ = 2κ ∈ (0, ∞) is also monotone, with the same monotonicity constant κ.
Proof. Recall that the symplectic cut M ≤λ is the union of the open piece M <λ and the hypersurface R λ = Φ −1 (O λ )/S 1 . Note that there is a natural symplectomorphism
The inverse to this symplectomorphism is given by the map ([g], [m]) → [gm].
By Remark 4.1, the normal bundle to R λ is the line bundle associated to the defining T ad -bundle on R λ . We denote this T ad -bundle by N λ ; it is the product of G ad → G ad /T ad ∼ = O λ on the O λ factor and the circle bundle of E λ on the M λ factor.
Let ν(R λ ) be a regular neighborhood of R λ , so that the intersection M <λ ∩ ν(R λ ) admits a deformation retract into a copy of N λ .
We have a Mayer-Vietoris sequence
Note that the first Chern class of the bundle N λ → R λ is nontorsion in H 2 (R λ ), because it is so on the O λ factor. Hence, the map H 1 (ν(R λ ); R) → H 1 (N λ ; R) is onto. The Mayer-Vietoris sequence then tells us that the map
is injective. Therefore, in order to check the monotonicity of M ≤λ , it suffices to check it on M <λ and ν(R λ ). Since M <λ is symplectomorphic to a subset of M, by assumption monotonicity is satisfied there. Let us check it on ν(R λ ) or, equivalently, on its deformation retract R λ . We will use the symplectomorphism (10) and, by abuse of notation, we will denote the objects on O λ or M λ the same as we denote their pullback to R λ . Let γ be the generator of H 2 (O λ ; Z) as in the proof of Lemma 4.5. By the result of that lemma, we have (11) [
On the other hand, the tangent space to M ≤λ at a point of R λ decomposes into the tangent and normal bundles to R λ . Therefore,
Taking into account Equation (11) , for λ = 2κ we conclude that [ω ≤λ
4.4.
Extensions to pre-symplectic manifolds. Abelian and non-abelian cutting are simply particular instances of symplectic reduction. Since the latter can be extended to the pre-symplectic setting, one can also define abelian and non-abelian cutting for Hamiltonian pre-symplectic manifolds.
In general, one cannot define c 1 (T M ) (and the notion of monotonicity) for pre-symplectic manifolds, because there is no good notion of compatible almost complex structure. In order to fix that, we introduce the following: Definition 4.7. An ǫ-symplectic manifold (M, {ω t }) is a smooth manifold M together with a smooth family of closed two-forms ω t ∈ Ω 2 (M ), t ∈ [0, ǫ] for some ǫ > 0, such that ω t is symplectic for all t ∈ (0, ǫ].
One should think of an ǫ-symplectic manifold (M, {ω t }) as the pre-symplectic manifold (M, ω 0 ) together with some additional data given by the other ω t 's. In particular, by the degeneracy locus of (M, {ω t }) we mean the degeneracy locus of ω 0 , i.e.
R(ω
If (M, {ω t }) is any ǫ-symplectic manifold, we can define its first Chern class c 1 (T M ) ∈ H 2 (M ; Z) by giving T M an almost complex structure compatible with some ω t for t > 0. (Note that the resulting c 1 (T M ) does not depend on t.) We can then define the minimal Chern number of an ǫ-symplectic manifold just as we did for symplectic manifolds. Moreover, we can talk about monotonicity:
One source of ǫ-symplectic manifolds is symplectic reduction. Indeed, suppose we have a Hamiltonian pre-symplectic S 1 -manifold (M, ω, Φ) with the moment map Φ : M → R being proper. The form ω may have some degeneracies on Φ −1 (0); however, we assume that it is nondegenerate on Φ −1 (0, ǫ] for some ǫ > 0. Assume also that S 1 acts freely on Φ −1 [0, ǫ] (hence any t ∈ (0, ǫ] is a regular value for Φ) and, further, 0 is a regular value for Φ as well. Then the pre-symplectic quotients M t = Φ −1 (t)/S 1 for t ∈ [0, ǫ] form a smooth fibration over the interval [0, ǫ] . By choosing a connection for this fiber bundle, we can find a smooth family of diffeomorphisms φ t : M 0 → M t , t ∈ [0, ǫ], with φ 0 = id M 0 . We can then put a structure of ǫ-symplectic manifold on M 0 by using the forms φ * t ω t , t ∈ [0, ǫ], where ω t is the reduced form on M t . Note that the space of choices involved in this construction (i.e. connections) is contractible. Therefore, whether or not (M 0 , φ * t ω t ) is monotone is independent of these choices.
Since abelian and non-abelian cutting are instances of (pre-)symplectic reduction, one can also turn pre-symplectic cuts into ǫ-symplectic manifolds in an essentially canonical way, provided that the form is nondegenerate on the nearby cuts. (By "nearby" we implicitly assume that we have chosen a preferred side for approximating the cut value: either from above or from below.) In this context, we have the following analog of Proposition 4.6: Proposition 4.9. Let G ad = P SU (2), and (M, ω, Φ) be a Hamiltonian pre-symplectic G ad -manifold.
• The moment map Φ is proper;
• The form ω is nondegenerate on the open susbet M <λ =Φ −1 [0, λ) , for some value λ ∈ (0, ∞); • G ad acts freely onΦ −1 (0, λ] (hence, any t ∈ (0, λ) is a regular value forΦ); • λ is also a regular value forΦ;
• As a symplectic manifold, M <λ is monotone, with monotonicity constant κ = λ/2. Fix some ǫ ∈ (0, λ) and view the pre-symplectic cut M ≤λ as an ǫ-symplectic manifold, with respect to forms φ * t ω ≤λ−t , for a smooth family of diffeomorphisms φ t : M ≤λ → M ≤λ−t , t ∈ [0, ǫ], φ 0 = id. Then, M ≤λ is monotone, with the same monotonicity constant κ = λ/2.
Proof. We can run the same arguments as in the proof of Proposition 4.6, as long as we apply them to the Hamiltonian manifold M <λ , where ω is nondegenerate. This gives us the corresponding formulae for the cohomology classes [ω ≤λ−t ] and c 1 (T M ≤λ−t ), for t ∈ (0, ǫ). In the limit t → 0, we get monotonicity. 
The notation N c (Σ ′ ) indicates that this space is a compactification of
Here u ∈ S 1 = R/2πZ acts by conjugating each A i and B i by exp(uθ), and preserving θ.
Since ω is nondegenerate onΦ −1 (0, 1/2] by Theorem 3.3, this implies that any θ ∈ g with Q(θ) ∈ (0, 1/2] is a regular value for Φ. The last statement also follows from Proposition 3.1 (b), which further says that the values θ ∈ g with Q(θ) = 1/2 are also regular. Hence, any t ∈ (0, 1/2] is a regular value forΦ. Lastly, note that Theorem 3.4 says thatΦ −1 [0, 1/2) is monotone, with monotonicity constant κ = 1/4 = λ/2. We conclude that the hypotheses of Proposition 4.9 are satisfied. We obtain: Proposition 4.10. Fix ǫ ∈ (0, 1/2). Endow N c (Σ ′ ) with the structure of an ǫ-symplectic manifold, using the forms φ * t ω ≤1/2−t , coming from a smooth family of diffeomorphisms
Then, N c (Σ ′ ) is monotone with monotonicity cosntant 1/4.
Thus, we have succeeded in compactifying the symplectic manifold N (Σ ′ ) while preserving monotonicity. The downside is that N c (Σ ′ ) is only pre-symplectic. The resulting two-form has degeneracies on R. Their structure can be immediately deduced from Proposition 3.7:
Lemma 4.11. Let us view R as a P 1 -bundle over the space O µ × M −I (Σ ′ ). Then, at any point in R, the null space of the form ω ≤1/2 consists of the fiber directions.
In a family of forms that make N c (Σ ′ ) into an ǫ-symplectic manifold (as in Proposition 4.10), the degenerate form ω ≤1/2 always corresponds to t = 0. From now on we will denote it by ω 0 . Proof. As the name suggests, the form ω ǫ will be part of a family (ω t ), t ∈ [0, ǫ] of the type used to turn N c (Σ ′ ) into an ǫ-symplectic manifold. In fact, it is easy to find such a form that satisfies conditions (i)-(iii) above. One needs to choose ǫ < 1/4 and a smooth family of diffeomorphisms
However, in order to make sure that condition (iv) is satisfied, more care is needed in choosing the diffeomorphisms above. We will only construct φ = φ ǫ , since this is all we need for our purposes; however, it will be easy to see that one could interpolate between φ and the identity.
The strategy for constructing φ andJ is the same as in the proofs of Proposition 3.7 and Lemma 4.11: we construct a diffeomorphism and an almost complex structure on the toroidal extended moduli space M t (Σ ′ ), by looking at it as a subset of the twisted extended moduli space M g tw (Σ ′ ); then, we lift them to M g (Σ ′ ); finally, we show that they descend to the cut. Let µ = diag(i/2, −i/2) as in Section 3.6. We start by carefully examining the restriction of the form ω to M t (Σ ′ ), in a neighborhood of Φ −1 (µ). By the remark at the end of Section 3.5, this is the same as looking at the restriction of ω tw to Φ 
where π 1 : Z × g → Z → Z/G ad and π 2 : Z × g * → g * are projections. We can assume that π 2 corresponds to the moment map.
Restricting this diffeomorphism to Φ −1 tw (t * ), we obtain a local model Z × t * for that space. This implies that, locally near Z = Z × {0}, we get a decomposition of its tangent spaces into several (nontrivial) bundles (13) T
(We omitted the pull-back symbols from notation for simplicity.) The restriction of ω tw to Φ −1 tw (t * ) is nondegenerate in the horizontal directions T M −I (Σ ′ ) as well as on t ⊕ t * . Let us compute it on the subbundle t ⊥ ⊂ g. For a point x with Φ tw (x) = tµ ∈ t * , and for
Thus the restriction of the form to t ⊥ is nondegenerate as long as t = 0. (For t = 0, we already knew that it was degenerate from the proof of Proposition 3.7.)
We construct a G ad -equivariant almost complex structure J in a neighborhood of Z in Φ −1 tw (t * ), such that J is split with respect to the decomposition (13) , and compatible with ω tw "as much as possible." More precisely, we choose G ad -equivariant complex structures J 1 , J 3 on each of the subbundles T (M −I (Σ ′ )) and t ⊕ t * that are compatible with respect to the restriction of ω tw on the respective subbundle. We also choose a G ad -equivariant complex structure J 2 on t ⊥ that is compatible with respect to the form σ given by
By Equation (14), we have ω tw = tσ/2 on t ⊥ ; hence, J 2 is compatible with respect to ω tw away from t = 0. We then let J = J 1 ⊕ J 2 ⊕ J 3 be the almost complex structure on Φ −1 tw (t * ) near Z. Choose ǫ ∈ (0, 1/8) sufficiently small, so that Z × (−3ǫ, 3ǫ) is part of the local model for Φ −1 tw (t * ) described above. Pick a smooth function f : R → R with the following properties:
• f (t) = t + ǫ for t in a neighborhood of 0;
• f (t) = t for |t| ≥ 2ǫ;
tw (t * ), given by (z, t) → (z, f (t)). Note that this diffeomorphism preserves J, is the identity near the boundary, and takes Z × [0, 2ǫ) to Z × [ǫ, 2ǫ). Now let us look at the constructions above in light of the identification between Φ −1 tw (t * ) and
, an almost complex structure on N , and a selfdiffeomorphism of N.
The symplectic cross-section theorem [19] says that locally nearΦ −1 (1/2), the extended moduli space M g (Σ ′ ) looks like G × T M t (Σ ′ ). Thus, we can lift the local model for M t (Σ ′ ) and obtain a G ad -equivariant local model (G × T Z) × (−3ǫ, 3ǫ) for M g (Σ ′ ). Projection onto the second factor corresponds to the map 1/2 −Φ. Further, locally we can decompose the tangent bundle to M g (Σ ′ ) into three subbundles, cf. Equation (7) . The form ω is nondegenerate when restricted to the direct sum
. Let us choose a G ad -equivariant complex structure on this subbundle that is compatible with the restriction of ω there. By combining it with J, we obtain an equivariant almost complex structureJ oñ
We can also lift the self-diffeomorphism of N ⊂ M t (Σ ′ ) toÑ = G × T N in an equivariant manner. Since this self-diffeomorphism is the identity near the boundary, we can extend it by the
that preservesJ onÑ , takesΦ −1 (1/2) toΦ −1 (1/2 − ǫ), and is the identity onΦ −1 [0, 1/2 − 2ǫ) . This diffeomorphism descends to one between the corresponding cut spaces:
We set
Note that ω 0 and ω ǫ coincide on the subsetΦ −1 [0, 1/2 − 2ǫ) . Since we chose 2ǫ < 1/4, the latter subset contains W =Φ −1 [0, 1/4) . The almost complex structureJ onÑ descend to the cutÑ ≤1/2 as well. Indeed, if t ⊂ TÑ denotes the line bundle in the direction of the T ad -action used for cutting, by construction we havẽ Jt ∩ T Φ −1 (1/2) = 0. SinceJ is G ad -invariant, it is easy to see that it induces an almost complex structure (still denotedJ) on the cutÑ ≤1/2 . We extendJ toΦ −1 [0, 1/2 − 2ǫ) by choosing it to be compatible with ω 0 = ω ǫ there. The resultingJ and ω ǫ satisfy the required conditions (i)-(iv).
Remark 4.13. There were several choices made in the construction of ω ǫ andJ in Proposition 4.12: the connection α, the structures J 1 , J 2 , J 3 , the function f , etc. The space of all these choices is contractible.
Symplectic instanton homology
5.1. Lagrangians from handlebodies. Let H be a handlebody of genus h ≥ 1 whose boundary is the compact Riemann surface Σ. We view Σ ′ and Σ as subsets of H,
be the subspace of connections that extend to flat connections on the trivial G-bundle over H. Consider also A (H), the space of flat connections on H, which is acted on by the based gauge group G 0 (H) = {f : H → G|f (z) = I}. Since π 1 (G) = 1 and Σ ′ has the homotopy type of a wedge of spheres, every map Σ ′ → G must be nullhomotopic. This implies that G c (Σ ′ ) preserves A g (Σ ′ |H) and, furthermore, the natural map
The left hand side of (15) is the moduli space of flat connections on H. After choosing a set of h simple closed curves α 1 , . . . , α h on H whose classes generate π 1 (H), the space A (H)/G (H) can be identified with the space of homomorphisms π 1 (H) → G or, alternatively, with the Cartesian product G h .
In fact, if the curves α 1 , . . . , α h are the same as the ones chosen on Σ ′ for the identification (3), so that the remaining curves β i are nullhomotopic in H, then with respect to the identification (5) we have
Let us now view L(H) as A g (Σ ′ |H)/G c (Σ ′ ) via (15) . Note that connections A that extend to H in particular extend to Σ, which means that the value θ ∈ g such that A| S = θds is zero. In other words, L(H) lies in Φ −1 (0) ⊂ N (Σ ′ ). Proof. LetÃ be a flat connection on H and A its restriction to Σ ′ . With respect to the description (6) of T [A] N (Σ ′ ), the tangent space to L(H) at A consists of equivalence classes of d A -closed forms a ∈ Ω 1,g (Σ ′ ) which extend to dÃ-closed formsã ∈ Ω 1 (H) ⊗ g. Let a, b be two such forms andã,b their extensions to H. We have a| S = b| S = 0. Furthermore, by the Poincaré lemma for connections, on the disk D 2 which is the complement of Σ ′ in Σ there exists λ ∈ Ω 0 (D 2 ; g) such that dÃλ =ã| D 2 . By Stokes' Theorem,
Another application of Stokes' Theorem gives
This shows that ω vanishes on the tangent space to L(H) ∼ = G h , which is half-dimensional. In Section 4.5 we gave N c (Σ ′ ) the structure of an ǫ-symplectic manifold. By Corollary 4.11, its degeneracy locus is exactly R. Using the variant of Floer homology described in Section 2.3 and letting ω 0 , ω ǫ ,J be as in Proposition 4.12, we define
In order to make sure the Floer homology is well-defined, we should check that Assumptions 2.1 (i)-(ix) are satisfied. Indeed, (i), (ii), (iii), (v), (vi), and (x) are subsumed in Proposition 4.12. (iv), (vii), and (ix) follow from Proposition 4.10, Lemma 5.1 and Corollary 3.6, respectively. For (viii), the Lagrangians are simply connected and spin because they are diffeomorphic to G h . Corollary 3.6 also implies that the Floer groups admit a relative Z/8Z-grading.
A priori the Floer homology depends onJ; compare Remark 2.14. However, the set of choices used in our construction ofJ is contractible, cf. Remark 4.13. Therefore, the corresponding Floer homology groups are canonically isomorphic. . This isomorphism depends only on the homotopy class of γ relative to its endpoints. We conclude that the symplectic instanton homology groups naturally form a flat bundle over Σ. In particular, there is a natural action of π 1 (Σ, z 0 ) on HSI(Σ ′ 0 ; H 0 , H 1 ). When we only care about the Floer homology group up to isomorphism (not canonical isomorphism), we drop the base point from the notation and write HSI(Σ ′ ; H 0 , H 1 ) = HSI(Σ; H 0 , H 1 ), as in the Introduction. Proof. With respect to the identification (5), the Lagrangians corresponding to H 0 and H 1 are given by
These have exactly one intersection point, the reducible
It is somewhat counterintuitive that L 0 and L 1 can intersect transversely at I, because they both live in the subspace Φ −1 (0) of codimension three in N (Σ ′ ). However, that subspace is not smooth, so there is no contradiction. We conclude that the Floer chain group has one generator; hence so does the homology. 
where the grading of the latter vector space is collapsed mod 8.
the cohomology ring of L 0 is generated by its degree d = 3 part. Under the monotonicity assumptions which are satisfied in our setting, Oh [37] constructed a spectral sequence whose E 1 term is H * (L 0 ; Z/2Z) and which converges to HF * (L 0 , L 0 ; Z/2Z). This sequence is multiplicative by the results of Buhovski [10] and Biran-Cornea [7] , [8] . A consequence of multiplicativity is that the spectral sequence collapses at the
. This is satisfied in our case because
Note that the results of Oh, Buhovski and Biran-Cornea were originally formulated for monotone symplectic manifolds, i.e. in the setting of Section 2.1. However, they also apply (with minor modifications) to the Floer homology groups defined in Section 2.3. L(p, q) ) ∼ = Z/p → SU (2), which has several components: when p is odd, there is the reducible point (A = B = I) and (p − 1)/2 copies of S 2 ; when p is even, there are two reducibles (A = B = I and A = −I, B = I) and (p − 2)/2 copies of S 2 . It is straightforward to check that each component is a clean intersection in the sense of Poźniak [42] . Therefore, there exists a spectral sequence that starts at H * (L 0 ∩ L 1 ) ∼ = Z p and converges to HF (L 0 , L 1 ), cf. [42] . Since the Euler characteristic of HF (L 0 , L 1 ) is p by Equation (17) , the sequence must collapse at the first stage.
Remark 5.5. More generally, whenever we have a Heegaard decomposition H of a three-manifold Y with H 1 (Y ) = 0, the two Lagrangians L 0 and L 1 will intersect transversely at the reducible I, cf. [1, Proposition 1.1(c)]. We could then fix an absolute Z/8Z-grading on HSI(H) by requiring that the Z summand corresponding to I lies in grading zero.
6. Further remarks 6.1. Invariance. We sketch here a potential strategy for proving that the groups HSI(Σ ′ ; H 0 , H 1 ) are invariants of the 3-manifold Y = H 0 ∪ H 1 . Unfortunately, certain technical results needed to carry through this program are lacking at the moment.
The strategy is based on the theory of Lagrangian correspondences in Floer theory, cf. [54] . We start by reviewing this theory. Let M 0 , M 1 be compact symplectic manifolds. A Lagrangian corre-
(The minus superscript means considering the same manifold equipped with the negative of the given symplectic form.) Given Lagrangian correspondences
Suppose now that M 0 , M 1 , M 2 are compact symplectic manifolds, monotone with the same monotonicity constant, and minimal Chern number at least 2. Suppose that 
, L 2 monotone as above, there exists a canonical isomorphism of Lagrangian Floer homology groups
The isomorphism is defined using pseudo-holomorphic quilts, i.e., in this case, triples of strips
The count of such quilts is used in the left hand side of (18). In the limit when the width δ of the middle strip goes to 0, the same count produces the right hand side. Theorem 6.1 admits the following straightforward extension to the case of the relative Floer homology groups defined in Section 2.2. Suppose that R 0 , R 1 are symplectic hypersurfaces in M 0 , M 1 . From them we obtain two hypersurfacesR
We have the following analog of Definition 2.3: 
is well-defined and non-negative. We can then state the analog of 
, all compatible with the respective (pairs of ) hypersurfaces, i.e. L 0 is compatible with R 0 ; L 01 is compatible with (R 0 , R 1 ), etc. We also assume that L 01 • L 12 is an embedded composition and is compatible with (R 0 , R 2 ). Set
Then, there exists a canonical isomorphism of relative Lagrangian Floer homology groups
The proof is similar to the one of Theorem 6.1 in [54] , but keeping track of the intersection numbers. Since those numbers are homotopy invariants, they do not change when taking the limit δ → 0. Further, for δ small, the intersection of the middle strip in a quilt with (M 0 × R − 1 × M 2 ) must be zero. Therefore, in the limit we only have contributions from R 0 and R 2 .
Going back to topology, let Σ 0 , Σ 1 be Riemann surfaces of genus h, resp. h + 1. Let H 01 be a compression body with boundary Σ The Lagrangian correspondence L 01 has the following explicit description in terms of holonomies, similar to (5) and (16) . Suppose that H 01 consists of attaching a one-handle whose meridian is the generator B h+1 of π 1 (Σ 1 ). Then:
Proof. H ′ 01 has the homotopy type of the wedge product of Σ ′ 0 with a circle, corresponding to a single additional generator a h+1 . Thus π 1 (H ′ 01 ) is freely generated by (a 1 , . . . , b h , a h+1 ), and the lemma follows.
Recall from Section 4.5 that N (Σ ′ 0 ) admits a compactification N c (Σ ′ 0 ) = N (Σ ′ 0 ) ∪ R 0 . We equip N c (Σ ′ ) with the (non-monotone) symplectic form constructed in Proposition 4.12, which we denote by ω ǫ,0 . Then R 0 is a symplectic hypersurface. Similarly, we have a symplectic form ω ǫ,1 on N c (Σ ′ where H 01 , H 10 are the compression bodies corresponding to adding the cycle a h+1 , resp. contracting b h+1 . If the symplectic manifolds N c (Σ 0 ), N c (Σ ′ 1 ) had been monotone, we could have defined usual Floer homology groups HF (L 0 , L 1 ) as in Section 2.1. Then, after three applications of Theorem 6.1, and taking into account Lemmas 6.8, 6.9, we would have found that With respect to the natural symplectic form on M tw (Σ + ), the spaces L 0 , L 1 ⊂ Φ −1 (0) are still Lagrangians. One can take their Floer homology, and obtain a Z/4Z graded abelian group. This is studied in [53, Section 4] , where it is shown that it is a 3-manifold invariant. This invariant is called the torus-compactified Lagrangian Floer homology of Y and denoted HF tc (Y ). It is not obvious how HF tc relates to HSI.
The advantage of using M tw (Σ + ) instead of N (Σ ′ ) is that the former is already compact (and monotone); therefore, the definition of Floer homology is less technical and this allows one to prove invariance. Nevertheless, the construction presented in this paper (using N (Σ ′ )) has certain advantages as well: first, the resulting groups are Z/8Z-graded rather than Z/4Z-graded. Second, it is better suited for defining an equivariant version of symplectic instanton homology. Indeed, unlike M tw (Σ + ), the space N (Σ ′ ) comes with a natural action of G that preserves the symplectic form and the Lagrangians. Following the ideas of Viterbo from [51] , [50] , we expect that one should be able to use this action to define equivariant Floer groups HSI G * (Y ) in the form of H * (BG)-modules. For integral homology spheres, a suitable Atiyah-Floer Conjecture would relate these to the equivariant instanton homology of Austin and Braam [5] .
In a different direction, it would be interesting to study the connection between our construction and the Heegaard Floer homology groups HF , HF + of Ozsváth and Szabó [40] , [39] . In particular, we ask the following: Finally, we remark that Jacobsson and Rubinsztein [23] have recently described a construction similar to the one in this paper, but for the case of knots in S 3 rather than 3-manifolds. Given a representation of a knot as a braid closure, they define two Lagrangians inside a certain symplectic manifold; this manifold was first constructed in [20] and is a version of the extended moduli space. Conjecturally, one should be able to take the Floer homology of the two Lagrangians and obtain a knot invariant.
